Whether at zero spin density m = 0 and finite temperatures T > 0 the spin stiffness of the spin-1/2 XXX chain is finite or vanishes remains an unsolved and controversial issue, as different approaches yield contradictory results. Here we provide a rigorous upper bound on the stiffness within a canonical ensemble at any fixed value of spin density m and show that it is proportional to m 2 L in the thermodynamic limit of chain length L → ∞, for any finite, nonzero temperature. Moreover, we explicitly compute the stiffness at m = 0 and confirm that it vanishes. This allows us to rigorously exclude the possibility of ballistic transport within the canonical ensemble for T > 0.
Whether at zero spin density m = 0 and finite temperatures T > 0 the spin stiffness of the spin-1/2 XXX chain is finite or vanishes remains an unsolved and controversial issue, as different approaches yield contradictory results. Here we provide a rigorous upper bound on the stiffness within a canonical ensemble at any fixed value of spin density m and show that it is proportional to m 2 L in the thermodynamic limit of chain length L → ∞, for any finite, nonzero temperature. Moreover, we explicitly compute the stiffness at m = 0 and confirm that it vanishes. This allows us to rigorously exclude the possibility of ballistic transport within the canonical ensemble for T > 0. One-dimensional (1D) correlated lattice systems with L sites show exotic spin transport properties at finite temperature T > 0 whose nature has been a problem of long-standing both theoretical [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] and experimental [21] [22] [23] [24] [25] [26] [27] Integrable 1D models have a set of orthogonal commuting conserved quantitiesQ j such that Q jQj ′ = δ j,j ′ Q 2 j . They provide a rigorous lower bound for D encoded in an inequality due to Mazur [28] , D ≥ 1 2L j ĴQ j 2 / Q 2 j . Here the summation runs over all linearly extensive conserved quantitieŝ Q j for which Q 2 j ∝ L, local and quasilocal [14, 20, 29] . The anisotropic spin-1/2 Heisenberg XXZ chain with anisotropy parameter ∆ ≥ 0 and exchange integral J is a paradigmatic example of an integrable strongly correlated system. Based on the lower bounds provided by Mazur's inequality, it is known that it exhibits ballistic spin transport at finite temperatures provided that the spin density is finite. On the other hand, at zero spin density the spin current operator has no overlap with any of the infinitely many local conserved quantities responsible for integrability, so that the use of Mazur's inequality is inconclusive. Recently, rigorous high-temperature results by one of us relying on the model's deformed symmetries and corresponding quasilocal conserved operators, i.e., nonlocal operators Z for which Z † Z ∝ L [30, 31] , provided rigorous estimates for the spin stiffness at m = 0 [20] . These symmetries can be related to a dense set of commensurate easy-plane anisotropies λ = πl/l ′ , where l, l ′ coprime integers, such that ∆ = cos λ for 0 ≤ ∆ ≤ 1. In terms of the variables l and l ′ , the lower bound reached in Ref. [20] by accounting for such conservation laws leads to a rigorous high-temperature
. This is an improvement of the lower bound derived in Ref. [14] .
(Here and henceforth we use units of k B = 1.) Interestingly, for l = 1 and thus ∆ = cos(π/l ′ ) this lower bound equals the spin-stiffness expression of Refs. [5, 10] , which was derived by the original representation of the thermodynamic Bethe ansatz (TBA) [32] . This provides evidence that such a bound saturates the high-temperature spin stiffness of the XXZ chain for 0 ≤ ∆ ≤ 1.
However, the isotropic point at ∆ = 1 (the spin-1/2 XXX model) is the most experimentally relevant for the spin-lattice relaxation rate and other physical quantities [13, 22, 23] . It is also the case whose theoretical study poses most challenging technical problems. For instance, close to the isotropic point the numerical investigation of the spin stiffness expressions obtainable from the usual description of the TBA [33] is difficult since the number of equations to solve diverges [5] . Whether at zero spin density m = 0 and nonzero temperatures T > 0 the spin stiffness vanishes or is finite remains an unsolved problem, as different approaches yield contradictory results. On the one hand, several approaches such as those used in the studies of Refs. [6-8, 10, 17, 18] lead to a finite value for the spin stiffness. On the other hand, the studies of Ref. [13] show that transport at finite temperatures is dominated by a diffusive contribution, the spin stiffness being very small or zero. Such studies exclude the large spin stiffness found in Ref. [10] by a phenomenological method that relies on a spinon and anti-spinon particle basis for the TBA. The infinite-temperature result of Ref. [15] based on a nonequilibrium open system approach suggests that the XXX chain exhibits anomalous subballistic spin transport. The TBA results of Refs. [4, 5] find a vanishing spin stiffness for zero spin density. The more recent results of Ref. [16] reached the same conclusion by combining several techniques.
In this Letter we resolve fully the above unsolved problem concerning spin stiffness for spin 1/2 XXX chain in the thermodynamic limit (TL) L → ∞. We show that it rigorously vanishes within the (micro)canonical ensemble for fixed total spin projection S z (note that m = −2S z /L), including S z = 0, at least as fast as,
where c is a constant. Our analysis also reaches a similar result for a microcanonical ensemble near the fully polarized sector of maximal spin density m = 1, namely
where c ′ is another constant. Since we (had to) use a very conservative estimation of elementary BA currents in the lowest weight states (LWSs) with fixed total spin, we believe that our conclusion should remain valid within the grand-canonical ensemble in the TL.
We consider the spin-1/2 Heisenberg chain Hamiltonian with periodic boundary conditions,
HereŜ τ j (where τ = x, y, z) are components of the spin-1/2 operators at site
will play an important role in our study. The key to our analysis will be to exploit the SU (2) symmetry, [Ĥ,Ŝ τ ] = 0. The state's spin and spin projection are denoted by S and S z = −(N ↑ − N ↓ )/2, respectively. For the so-called highest/lowest-weight-states (HWSs/LWSs) of the SU (2) algebra we have S = S z / S = −S z . The z-component of the spin current operator can be written asĴ
The LWSs and non-LWSs generated from them used in our analysis are energy and momentum eigenstates.
They are as well eigenstates of (ˆ S) 2 andŜ z with eigenvalues S(S + 1) and S z . We thus denote all 2 L energy eigenstates by |l r , S, S z . Here l r stands for all quantum numbers other than S and S z needed to specify an energy and momentum eigenstate, |l r , S, S z . The non-LWSs are generated from the corresponding n s = S + S z = 0 LWS |l r , S, −S as follows,
where C = (n s !) ns j=1 ( 2S + 1 − j ) and n s = 1, ..., 2S. Within a 1D correlated system canonical-ensemble description, the spin stiffness for T > 0 can be written in terms of a summation over current matrix elements between energy eigenstates as [11] ,
Here the Boltzmann weight and the partition function read p ν = e −ǫν /T /Z and Z = ν e −ǫν /T , respectively. For large L there are two temperature regimes: (i) T smaller and (ii) T larger than the energy eigenstate level spacing [3] . In the limit L → ∞, the temperature regime (i) shrinks to T = 0, while the temperature region (ii) includes all of T > 0.
In regime (i), (T = 0), D(0) is finite and is given by D(0) = J/(2π) [34] . On the other hand, in regime (ii) (T > 0 ), the stiffness expression, Eq. (6), simplifies in the TL, provided that one chooses the energy eigenstates to be also momentum eigenstates. Accounting for the vanishing in the TL of the persistent currents [35] , one finds [3, 36] from the exact cancellation of some contributions by summing over momentum k and −k subspaces, the result that the expression of D(T ) in terms of energy and momentum eigenstates, Eq. (5), involves only current expectation values. The general expression, Eq. (6), then simplifies to 2π
Within the canonical ensemble at fixed value of S z we can therefore rigorously define the spin Drude weight D S z (T ) as,
where the Boltzmann weights p lr,S,S z and the partition function Z S z should be defined with respect to sums over
states with fixed S z . In this and all following expressions for the stiffness the sums over S always increase in steps of 1, whereas S z and S have to be integers (half-odd integers) for even (odd) L. We shall now study separately the two cases, S z = 0 and S z = 0. Indeed, it is important not to restrict ourselves only to the case of strictly S z = 0 (requiring L to be even), which may be sensitive to certain pathologies and thus to consider the spin stiffness for any finite fixed value of S z in the TL. The following commutators play a major role in our study,
where in addition to its z-component, Eq. (4), the other two SU (2) symmetry operator componentsĴ ± of the cur-rent operator read,
The S > 0 LWSs |l r , S, −S and the S = S z = 0 states (which are simultaneously LWSs and HWSs |l r , 0, 0 ) used in our operator algebra manipulations obey the following well-known transformation laws,
which follow straight-forwardly from the corresponding SU (2) symmetry operator algebra.
To derive useful exact relations involving the current expectation values l r , S, S z |Ĵ|l r , S, S z that appear in the T > 0 spin stiffness expression, Eq. (7), we consider in the following some more general current matrix elements between energy, momentum, and (ˆ S) 2 eigenstates,
Here the normalization constants are those in the states, Eq. (5), and we have accounted for the vanishing of the commutator [Ĵ,Ŝ z ] = 0, Eq. (8), so that the current operator only connects states with the same S z value. For l r = l ′ r and S = S ′ , Eq. (11) refers to the current expectation values in Eq. (7).
We start by considering a class of current matrix elements l r , S, S z |Ĵ|l ′ r , S, S z between states with the same arbitrary S ≥ 1/2 and S z values. Combining the systematic use of the commutators given in Eq. (8) with the transformation laws of Eq. (10), we obtain the following general result, which is valid for S ≥ 1/2,
where S z = −S + n s and n s = 1, ..., 2S. The calculations to reach this rigorous relation are relatively easy for nonLWSs whose generation from LWSs involves small n s = S − S z values. The calculations become lengthy as the n s value increases, but they remain straightforward.
Analysis of the matrix elements, Eq. (12), reveals that the l r = l ′ r and S z = 0 current expectation values l r , S, 0|Ĵ|l r , S, 0 all vanish for S ≥ 1/2. However, we also need such current expectation values for S = S z = 0. Those are the particular case, l r = l 
That the latter expression vanishes is readily confirmed by applying the transformation laws, Eq. (10). A similar result holds for all matrix elements of the form l r , S, 0|Ĵ|l ′ r , S + δS, 0 where S ≥ 0 and S ′ = S + δS ≥ 0, which are found to vanish unless δS = ±1. Hence all S z = 0 current expectation values l r , S, 0|Ĵ|l r , S, 0 vanish for S ≥ 0, so that Eq. (7) yields,
However, since vanishing spin density m = 0 may in the TL also be approached by any finite fixed S z , or fixed window of S z values, and then letting L → ∞, we must carefully estimate D S z (T ) for S z = 0. Expressing current expectation values in terms of expectation values in LWSs, using the matrix-element relations of Eq. (12) for l r = l ′ r and S ≥ 1/2, we immediately obtain,
Below we shall use a variable m S = 2S/L ≥ m. Each energy eigenstate contains L = 2S + ∞ n=1 2nM n spin-1/2 spins. Here 2S gives the number of unbound spins and M n = 0, 1, 2, ... that of TBA n-pair configurations. An n-pair configuration contains n bound pairs [33] each of which is a spin-zero configuration of two spins. The LWS expectation values l r , S, −S|Ĵ|l r , S, −S in Eq. (14) can be expressed as the sum of 2S elementary currents of general form j(q) = JC mS f (q). Here f (q) = −f (−q), max |f (±q * )| = 1, and q * ≈ π/2. Hence max |j(q)| = |j(±q * )| = JC mS . The discrete momentum variable q ∈ [−q max , q max ] in the argument of f (q) is related to the n = 1 one-pair configurations quantum numbers I n α [33] . Specifically, it has the form q = (2π/L) I 
M n refer to the number of occupied and unoccupied discrete momentum values q, respectively, and M n is the number of n > 1 n-pair configurations [33] . For example,
, and M n = 0 for n > 1, for a LWS ground state. The n maximum value is n max = L/2 (L even) or n max = (L − 1)/2 (L odd), so that M n = 0 for n > n max for all LWSs.
Each n-pair configuration with n > 1 pairs carries momentum and a virtual elementary spin current, which exactly cancels the currents carried by a number 2(n − 1) of n = 1 band momentum holes. For this reason, only the elementary currents carried by 2S such momentum holes (out of M h 1 = 2S + ∞ n=2 2(n − 1)M n holes) contribute to the current expectation value of an energy eigenstate with spin S. As a simple example, Eq. (18) of Ref. [37] gives a current J(π/4)(sin q 1 + sin q 2 ) where q 1 , q 2 ∈ [−π/2, π/2] for the S = 1 spin-triplet energy eigenstates with M h 1 = 2S = 2 holes in the n = 1 spectrum and M n = 0 for n > 1. Indeed, for that S value the elementary currents of the holes have a simple analytical expression, j(q) = J(π/4) sin q. The S = 0 spin-singlet energy eigenstates also have M h 1 = 2 holes in the n = 1 spectrum, each carrying elementary currents J(π/4) sin q where q ∈ [−π/2, π/2]. However, such states are populated by one n = 2 two-pair configuration, i.e. M 2 = 1, so that these two elementary currents do not contribute to the spin current, as they are cancelled exactly by the elementary current carried by the single two-pair configuration.
For the set of all LWSs with the same spin S, the average value of the expectation values l r , S, −S|Ĵ|l r , S, −S is much smaller than their maximum value J max (m S ). The latter is the current expectation value of a LWS that for (i) m S ∈]0, 1/3] and (ii) m S ∈ [1/3, 1] has a compact distribution of (i) 2S momentum holes and (ii)
To derive a stiffness upper bound, the expectation absolute values | l r , S, −S|Ĵ|l r , S, −S | of LWSs with the same S value are replaced in the stiffness expression, Eq. (14), by their maximum value J max (m S ) of each S-fixed subspace. The momenta q in such a compact distribution are either all positive or negative. The q occupancy configuration of such a LWS refers to a very particular case. For most LWSs, the 2S holes are distributed over the whole ν = 1 band momentum range. Hence there is a large cancellation of elementary currents between the subranges q < 0 and q > 0, so that indeed the expectation absolute values | l r , S, −S|Ĵ|l r , S, −S | of all LWSs with the same spin S are in general much smaller than their maximum value. This gives the following upper bound D * 
. Importantly, the state summations can then be performed exactly for all finite temperatures T > 0. Indeed, the probability distribution p S,lr,S z is in each fixed-S z canonical ensemble normalized as Within the grand-canonical ensemble in a homogeneous magnetic field h in z-direction, the stiffness has in the TL the same expression as for the canonical ensemble, with the spin density m replaced by its expectation valuem =m(h), provided thatm is finite. Hence we can replace m bym(h) in Eq. (16) and obtain an exact potentially useful upper bound on the stiffness within a grand-canonical ensemble in the TL. However, the corresponding fluctuations ofm go as 1/ √ L and hence m 2 L form ≪ 1 approaches a fixed constant as L → ∞, so that our stiffness upper-bound analysis cannot give a definite answer. However, in the TL and for finite yet arbitrarily smallm values the grand-canonical stiffness expectation value D(T ) exactly equals the canonical-ensemble stiffness D(T ) at m =m. Hence we expect that such an equality holds asm → 0.
At ∆ = 0 the rigorous value of the high-temperature spin stiffness of the spin-1/2 XXZ chain is D = (J/4) 2 /T , so that the lower bound of Ref. [14] saturates it. Our rigorous result that at ∆ = 1 and m = 0 the spin stiffness vanishes within a canonical ensemble at all finite temperatures applies to high temperature as well. This implies that the above lower bound saturates the hightemperature spin stiffness both at ∆ = 0 and ∆ = 1. Combined with the equality of that lower bound to the TBA spin stiffness found in Ref. [5] at λ = π/l ′ , this most likely implies that the bound saturates the stiffness for the whole range 0 ≤ ∆ ≤ 1. This provides also strong evidence that the divergences emerging in the integrands of Eqs. (24) and (25) of Ref. [10] at m = 0 cancel each other in the case of systems whose stiffness is finite at T = 0, as in the case of the XXZ chain at m = 0 for 0 ≤ ∆ ≤ 1.
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